Abstract. The notions of coupled N -subalgebra, coupled (positive implicative) N -ideals of d-algebras are introduced, and related properties are investigated. Characterizations of a coupled N -subalgebra and a coupled (positive implicative) N -ideals of d-algebras are given. Relations among a coupled N -subalgebra, a coupled N -ideal and a coupled positive implicative N -ideal of d-algebras are discussed.
Introduction
J. Neggers and H. S. Kim ( [14] ) introduced the idea of a d-algebra as a generalization of BCK-algebras introduced by Y. Imai and K. Iséki ([8] ). This class of algebras has been studied in rather great detail and is of current interest to many researchers ( [3, 4, 10, 12, 13] ). Beside d-algebras, other generalizations of BCK-algebras include the class of BCI-algebras, also introduced by Y. Imai and K. Iséki ([7] ), the class of BCH-algebras, introduce by Q. P. Hu and X. Li ( [5, 6] ), of which the class of BCI-algebras is a proper subclass. The class of BCK-algebras is a proper subclass of the class of d-algebras, and it has been shown that many constructions on the class of d-algebras leave this class invariant, but not so the class of BCK-algebras. For example, the mirror algebra of a d-algebra is a d-algebra, but the mirror algebra of a BCK-algebra is not necessarily a BCK-algebra ( [3] ). J. Neggers, Y. B. Jun and H. S. Kim ( [13] ) have studied the ideal theory of d-algebras, introducing the notions of d-subalgebra, d-ideal, d
# -ideal and d * -ideal, and various relations among them. After that some further aspects were studied in [1, 4, 10, 12] . In [1] , S. S. Ahn and K. H. Han introduced the notion of N -subalgebras, (positive implicative) N -ideals of d-algebras and investigated their related properties. Jun et al. ([9] ) introduced the notion of coupled N -structures and its application in BCK/BCI-algebras was discussed.
In this paper, we introduce the notion of coupled N -structures, and discuss its application in d-algebras. We introduce the notions of a coupled Nsubalgerba, a coupled N -ideal and a coupled positive implicative N -ideal, and investigate their relations. We discuss characterizations of a coupled N -ideal and a coupled positive implicative N -ideal.
Preliminaries
A d-algebra ( [14] ) is a non-empty set X with a constant 0 and a binary operation " * " satisfying the following axioms:
(I) x * x = 0, (II) 0 * x = 0, (III) x * y = 0 and y * x = 0 imply x = y for all x, y ∈ X.
For brevity we also call X a d-algebra. In X, we can define a binary relation " ≤ " by x ≤ y if and only if x * y = 0.
A BCK-algebra is a d-algebra (X; * , 0) satisfying the additional axioms:
Example 2.1 ( [13] ). Let R be the set of all real numbers and define x * y := −x(x−y), x, y ∈ R, where "·" and "−" are the ordinary product and subtraction of real numbers. Then x * x = 0, 0 * x = 0. If x * y = y * x = 0, then x(x − y) = y(y − x) and so (x − y)(x + y) = 0. Hence x = y or x = −y. If x = −y, then 0 = x * (−x) = −x(x+x) and 0 = −x * x = −(−x)((−x)−x) = x(−2x) = −2x 2 . Thus x = y = 0. Hence x = y. Therefore (R; * , 0) is a d-algebra, but not a BCK-algebra, since 5 * 0 = −5 2 = −25 = 5.
Definition 2.2 ([13]
). Let (X; * , 0) be a d-algebra and ∅ = I ⊆ X. I is a dsubalgebra of X if x * y ∈ I whenever x ∈ I and y ∈ I. I is called a BCK-ideal (briefly, an ideal) of X if it satisfies:
) x * y ∈ I and y ∈ I imply x ∈ I.
I is called a d-ideal of X if it satisfies (D 1 ) and (D 2 ) x ∈ I and y ∈ X imply x * y ∈ I, i.e., I * X ⊆ I.
(D 3 ) x * z ∈ I whenever x * y ∈ I and y * z ∈ I for any x, y, z ∈ X.
(D 4 ) x * y ∈ I and y * x ∈ I imply (x * z) * (y * z) ∈ I and (z * x) * (z * y) ∈ I for any x, y, z ∈ X. [14] ).
Definition 2.4 ([14]
). Let (X; * , 0) be a d-algebra and x ∈ X. Define x * X := {x * a | a ∈ X}. X is said to be edge if for any x ∈ X, x * X = {x, 0}.
Lemma 2.5 ([14]
). Let (X; * , 0) be an edge d-algebra. Then x * 0 = x for any x ∈ X.
Clearly, a BCK-algebra is a d * -algebra, but the converse need not be true (see [13] ).
Corollary 2.8 ( [13] ). In a d * -algebra, every BCK-ideal is a d-subalgebra.
Definition 2.9 ([1]
). Let (X; * , 0) be a d-algebra, and let ∅ = I ⊆ X. I is called a positive implicative ideal if it satisfies, for all x, y, z ∈ X, (i) 0 ∈ I, (ii) (x * y) * z ∈ I and y * z ∈ I imply x * z ∈ I. For any family {a i | i ∈ Λ} of real numbers, we define
Denote by F (X, [−1, 0]) the collection of functions from a set X to [−1, 0]. We say that an element of
. By an N -structure we mean an ordered pair (X, f ) of X and an N -function f on X. We define an order relation "≪"
3. Coupled N -structures applied to subalgebras and ideals in d-algebras
For the sake of simplicity, we shall use the notation
For a coupled N -structure C = (f C , g C ) in X and t, s ∈ [−1, 0] with t + s ≥ −1, the set
for all x, y ∈ X.
Conversely, suppose that the nonempty N (t, s)-level set N {(f C , g C ); (t, s)} is a subalgebra of a d-algebra X for all t, s ∈ [−1, 0] with t + s ≥ −1. Let x, y ∈ X be such that C(x) = (t x , s x ) and C(y) = (t y , s y ), that is, f C (x) = t x , g C (x) = s x , f C (y) = t y , and g C (y) = s y with −1 ≤ t x + s x and −1 ≤ t y + s y . Then x ∈ N {(f C , g C ); (t x , s x )} and y ∈ N {(f C , g C ); (t y , s y )}. We may assume that (t x , s x ) ≪ (t y , s y ) without loss of generality. Then
and so x, y ∈ N {(f C , g C ); (t y , s y )}. Since N {(f C , g C ); (t y , s y )} is a subalgebra of X, it follows that x * y ∈ N {(f C , g C ); (t y , s y )} so that
Proof. For any x, y ∈ X, we have
This completes the proof.
for any x, y ∈ X, then f C and g C are constant functions.
Proof. Let x ∈ X. Using Lemma 2.5 and assumption, we have
. Hence f C and g C are constant functions. 
Proposition 3.8. Every coupled N -ideal of a d-algebra X satisfies the following assertions:
Proof. (i) Let x, y, z ∈ X be such that x * y ≤ z. Then (x * y) * z = 0, and so
(ii) Let x, y ∈ X be such that x ≤ y. Then x * y = 0, and so
Theorem 3.9. For a coupled N -structure C = (f C , g C ) in a d-algebra X, the following are equivalent:
(2) ⇒ (1). Since 0 ∈ N {(f C , g C ); (t, s)}, we have the condition (c81). Let x, y ∈ X be such that C(x * y) = (t x , s x ) and C(y) = (t y , s y ), that is, f C (x * y) = t x , g C (x * y) = s x , f C (y) = t y , and g C (y) = s y .
Then x * y ∈ N {(f C , g C ); (t x , s x )} and y ∈ N {(f C , g C ); (t y , s y )}. We may assume that (t x , s x ) ≪ (t y , s y ) without loss of generality. Then
and so x * y, y ∈ N {(f C , g C ); (t y , s y )}. Since N {(f C , g C ); (t y , s y )} is an ideal of X, it follows that x ∈ N {(f C , g C ); (t y , s y )} so that
for all x, y ∈ X. 
It is easy to show that
is both a coupled N -subalgebra and a coupled N -ideal of X, but not a coupled positive implicative N -ideal of X, since
Example 3.12. For a coupled N -structure C = (f C , g C ) in a d-algebra X, the following are equivalent:
} is a positive implicative ideal of X for all t, s ∈ [−1, 0] with t + s ≥ −1. Conversely, suppose that the nonempty N (t, s)-level set of C = (f C , g C ) is a positive implicative ideal of X for all t, s ∈ [−1, 0] with t + s ≥ −1. Since 0 ∈ N {(f C , g C ); (t, s)}, the condition (c81) is valid. Assume that there exist
. This is a contradiction. Therefore C = (f C , g C ) is a coupled positive implicative N -ideal of X. Proposition 3.13. For any d * -algebra X, every coupled N -ideal is a coupled N -subalgebra of X.
Proof. Let a coupled N -structure C = (f C , g C ) be a coupled N -ideal of a d * -algebra X and let x, y ∈ X. Then
The converse of Theorem 3.13 may not be true in general as seen in the following example. 
It is easily verified that
Proof. Put z := 0 in (c83).
Proof. (i) Let x, y ∈ X be such that x ≤ y. Then x * y = 0. Hence
and
(ii) For any x, y ∈ X, we have
(iii) For any x, y ∈ X, we have
Proposition 3.17. Let C = (f C , g C ) be a coupled positive implicative N -ideal of an edge d * -algebra X. Then the following hold:
Proof. (i) Since X is a d * -algebra, we have (x * y) * x = 0 for any x, y ∈ X. Hence x * y ≤ x for any x, y ∈ X. Using Proposition 3.8(ii), we have f C (x * y) ≤ f C (x) and g C (x * y) ≥ g C (x) for any x, y ∈ X.
(ii) It is easily verified from Theorem 3.13 and Proposition 3.15.
(iii) For any x, y, z ∈ X, we have
For any element a of a d-algebra X, let
Obviously, X a is a non-empty subset of X.
Proposition 3.18. Let a be any element of a d-algebra X. If C = (f C , g C ) is a coupled (positive implicative) N -ideal of X, then the set X a is a (positive implicative) ideal of X.
Proof. Obviously, 0 ∈ X a . Let x, y ∈ X be such that x * y ∈ X a and y ∈ X a . Then
It follows from (c82) that f C (x) ≤ {f C (x * y), f C (y)} ≤ f C (a) and g C (x) ≥ {g C (x * y), g C (y)} ≥ g C (a) so that x ∈ X a . Therefore X a is an ideal of X. Let x, y, z ∈ X be such that (x * y) * z ∈ X a and y * z ∈ X a . Then f C ((x * y) * z) ≤ f C (a), g C ((x * y) * z) ≥ g C (a), f C (y * z) ≤ f C (a) and g C (y * z) ≥ g C (a). It follows from (c83) that f C (x * z) ≤ {f C ((x * y) * z), f C (y * z)} ≤ f C (a) and g C (x * z) ≥ {g C ((x * y) * z), g C (y * z)} ≥ g C (a) so that x * z ∈ X a . Therefore X a is a positive implicative ideal of X. Proposition 3.19. Let a be any element of a d-algebra X and let C = (f C , g C ) be a coupled N -structure in X. Then (i) if X a is an ideal of X, then C = (f C , g C ) satisfies the following assertion:
(ii) if C = (f C , g C ) satisfies (3.2) and (∀x ∈ X) (f C (0) ≤ f C (x), g C (0) ≥ g C (x)) , (3.3) then X a is an ideal of X.
Proof. (i) Assume that X a is an ideal of X for all a ∈ X. Let x, y, z ∈ X be such that f C (x) ≥ {f C (y * z), f C (z)} and g C (x) ≤ {g C (y * z), g C (z)} . Then y * z ∈ X x and z ∈ X x . Since X x is an ideal of X, it follows that y ∈ X x so that f C (y) ≤ f C (x) and g C (y) ≥ g C (x).
(ii) Suppose that C = (f C , g C ) satisfies two conditions (3.2) and (3.3). Let x, y ∈ X be such that x * y ∈ X a and y ∈ X a . Then f C (x * y) ≤ f C (a), g C (x * y) ≥ g C (a), f C (y) ≤ f C (a) and g C (y) ≥ g C (a). Hence f C (a) ≥ {f C (x * y), f C (y)} and g C (a) ≤ {g C (x * y), g C (y)} , which imply from (3.2) that f C (a) ≥ f C (x) and g C (a) ≤ g C (x). Thus x ∈ X a . Obviously, 0 ∈ X a . Therefore X a is an ideal of X.
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